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1 BBe^eHHe 

^HHaMHKa pa3pe>KeHHoro ra3a, Sojibhihhctbo paHHiix hccjig^ob aHiiii ko- 
Topofi b Hanajie nponuioro Bexa Kacajincb, b ochobhom, jih6o tghghhh 
c OHeHb Majioft CKopocTbio [IB], jih6o pa3JiHHHoro pofla "BHyTpeHHHx" 
TeneHHH (b Tpy6ax, conjiax, Haca^Kax h t./l), CB^3aHHbix c npo6jieMaMH 
nojiyneHHH rjiy6oKoro BaKyyMa, npeTepnejia b cepe^HHe nponuioro cto- 
jieTHH CBoe BTopoe po^K^eHHe, hto o6ycjiOBjieHO 6bijio b nepByio o^epeflb 

pa3BHTIieM CBepX3ByKOBOH BblCOTHOH aBIiaiI,HeH, COSflaHHeM paKeTHO- 
KOCMHHeCKOH TeXHHKH, pa3pa60TK0H HOBblX XHMHHeCKHX TeXHOJIOrilH. 

9thm o6b.HCH5ieTC5i h to npiicTajibHoe BHHMamie, KOTopoe npHBjieKaeT 
k ce6e b HacT05iiii,ee BpeMH KjiacciiHecKaa KHHeTHnecKaa Teopira, co- 

S^aHHaH B XIX BeKe BblflaiOIUHMCfl aBCTpHHCKHM (pH3HKOM JllOflBHrOM 
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BojIbUMaHOM P H [2]. 

Ho HCTOpHHeCKOH flaTOH B03HHKHOBeHH5I KHHeTHHeCKOH TeOpiili ra30B 

cjie^yeT cniiTaTb 1859 ro^, Koiyja MaKCBejui Ha saceflaHHii BpHTaHCKoft 
accouHainiii cofleftcTBHH pa3BHTHio HayKii npoHHTaji cboh flOKjia^, b ko- 
TopoM 6hji BnepBbie Hcnojib30BaH CTaTHCTiiHecKiiH no^xofl k npo6jieMe. 
B 1860 rofly b cepiiii H3 flByx pa6oT [78] MaKCBejui ony6jiHKOBaji pe- 
3yjibTaTbi HCCJieflOBaHHH, b KOTopbix ycTaHOBHji 3aKOH pacnpeflejiemra 
CKopocTeft MOJiexyji b CMecii ra30B (Tax Ha3biBaeivioe MaKCBejuiOBCKoe 
pacnpe^ejieHHe no CKopocT^ivi) h 3aKOH paBHopacnpeflejieHira cpeflHeft 
SHeprHH MOJiexyji b civiecH ra30B. 9th pe3yjibTaTbi 6bijiH BnocjiGflCTBiiii 
(b 1867 r.) yTOHHeHbi h yjiynnieHbi MaKCBejuiOM b paGoTe [77], nocBH- 
m,eHHOH KHHeTHHecKofi Teopiiii HeoflHopoflHbix ra30B. B Heft MaKCBejui 
Bbmeji ypaBHGHH5i nepeHOca, onpe^ejraiomHe nojiHyio CKopocTb H3MeHe- 
Hii5i jik»6oh cpe^Heii bgjihhhhbi, xapaKrepH3yiomeH to hjih HHoe MOJie- 
KyjiapHoe CBOHCTBO. 

B 1875 voj\y KyH^T h BapGypr SKcnepiiMeHTajibHO flOKasajm, hto b 
flocTaTOHHO pa3pe>KeHHOM ra3e MOJiexyjibi "cKOjrb35rr" B^ojib CTeHOK. 
CxopocTb CKOJib>KeHH5i nponopnriOHajibHa rpafliieHTy MaccoBoft CKopo- 
cth BHe cjioh KrryzjceHa. KoscpcpiinrieHT nponopiniOHajibHOCTH npii stom 

Ha3bIBaeTCM K03(p(pHII,HeHTOM H30TepMHHeCKOrO CKOJIb>KeHH5I. KyHflT H 

BapGypr HanuiH, hto KOScpcpimneHT H30TepMHHecKoro CKOJib}KeHH5i OKa- 
3ajica nop^flKa fljiHHbi CBoGo^Horo npo6era MOJieKyji h o6paTHO nponop- 
UHOirajieH ^aBjieHHio. AHajiH3, npoBefleHHbift MaKCBejuiOM, ocHOBbiBaji- 
C5i Ha npeflnojio^ceHHH, hto pacnpeflejiemie naflaiomHx MOJiexyji b6jih3h 
CTeHKH He OTjiHHaeTca ot pacnpeflejieHHH b npHjieraiomeM o6b.eMe ra3a. 
B fleftcTBHTejibHOCTH >Ke MOJiexyjibi ra3a nepefl TeM, KaK yzjapHTbCH o 
noBepxHOCTb, HcnbiTbmaiOT b cpe^HeM He MeHee OflHoro coyn,apeHH5i c 
MOJiexyjiaMH, noKHflaromHMH noBepxHOCTb h HMeioiipiMH (npn nojiHoft 
aKKOMO^ar^HH) HopMajibHoe MaKCBejuiOBCKoe pacnpe^ejieHiie CKopocTeft, 
b OTjiiiHiie ot Toro MOflHcpHi^HpoBaHHoro pacnpeflejieHira CKopocTeft, ko- 
Topoe xapaKTepHO fljra o6b>eMa ra3a npn HajiHHHH rpaflHeirra TeMnepa- 
Typbi. 

KiiHeTHHecKoe ypaBHeHne, BbiBe^eHHoe b 1872 ro^y [2] aBCTpiificKHM 
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(J)H3hkom JlioflBiiroM BojibinviaHOM ii Hocnmee ero emh, oSjia/raeT rpo- 
Ma^HbiM (pH3HHecKHM co^epH^aHHeM. ,Hjih penieHHH KHHeTHHecicoro ypaB- 
HeHHfl BojibUMaHa b nepBoii iiojiobiihg nponuioro Bexa 6bijio npefljionce- 

HO HeCKOJIbKO pa3JIHHHbIX MeTOflOB H 6ojIbniOe HHCJIO HX pa3JIIIHHbIX 

Bapnainift. 

B 1912 rofly riuib6epT npefljioncHji MeTOfl nocjieflOBaTejibHbix npn- 
6jiii>KeHHH (o6biHHbift MeTOfl Majioro napaivieTpa), KOTopbift no3BOJiHji 
CBecTH penieHHe KHHeTHHecicoro ypaBHeHHH k penieHHio peKyppeHTHOil 
CHCTeMbi jiiiHGHHbix HeoflHopoflHbix HHTerpajibHbix ypaBHeHHH. Oh no- 
Ka3aji, hto ypaBHeHHe BojibinviaHa SKBHBajieHTHO HnrerpajibHOMy ypaB- 
HeHiiio Ope^rojibMa BToporo pona, fljin KOToporo OKa3ajiocb bo3moh<- 
HbiM nocTpoiiTb CTporyio MaTeMaTHHecKyio Teopnio. TaKiiM o6pa30M, 
rnjib6epT civior ^OKasaTb cymecTBOBaHHe h enHHCTBeHHOCTb penieHHH h 
ycTaHOBiiTb HeKOTopbie H3 ero cbohctb. 

3aTeM b 1917 rony 3iicKor b CBoen hoktopckoh niiccepTauHH [68] 
He3aBiiciiMO ot Hero HenMeH b pa6oTe [65] npefljioncHjiH npyron MeTOfl 
peinemiH ypaBHeHHH BojibinviaHa, KOTopbift HBjineTCH HeKOTopoii mo^h- 
(pHKanneH MeTOfla rnjib6epTa h KOTopbift no3BOJiHeT BbmecTH xax ypaB- 
HeHHe Sfijiepa, Tax h ypaBHeHHe HaBbe-CTOKca. B MeTone HenivieHa - 
3HCKoro p9|. Majibiii napaivieTp no KOTopoiviy Be^eTCH pa3Jio>KeHHe, bxo- 
hht b penieHHe 6ojiee cjio>KHbiM, Boo6me roBopn, He aHajiHTHnecKHM 06- 
pa30M, nosTOMy npn o^HHaKOBOM HHCJie HjieHOB pa3Jio>KeHHH, bxo^ht b 
penieHHe, nojiyneHHoe no MeTO^y HenMeHa — 9HCKoro [12] MO>KeT OKa- 
3aTbCH 6ojiee TOHHbiM, neivi to, hto 6bijio nojiyneHO c Hcnojib30BaHHeM 
MeTO,n,a rnjib6epTa. Xoth HMeiOTCH npHMepbi h Toro |49| . hto ypaBHe- 
HHH, nojiyneHHbie no MeTony HenMeHa — 3HCKoro, MoryT He HMem pe- 
meHHH, b to BpeMH k&k MeTO/i, rnjib6epTa no3BOJiHeT nocTpoHTb penie- 
HHe b jho6om npn6jiH>KeHHH. OnenyeT OTMeraTb [IB], hto MeTon,, npe/r- 

JIOHCeHHblH MenMeHOM H ShCKOTOM, He TOJIbKO n03BOJIHJI 060CH0BaHH0 

BbmecTH ypaBHeHHe 3iijiepa h HaBbe - - CTOKca h hx aHajioroB /ijih 
pejiaKcnpyioinHx cpefl, ho h naji B03MO>KHOCTb ycTaHOBHTb o6jiacTb hx 

npHMeHHMOCTH, CHaSflHB HX npaBHJIbHblMH HaHajIbHblMH H rpaHHHHblMH 

ycjiOBHHMH h KOScpcpHniieHTaMH nepeHOca. 
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OcHOBHaa TpyznrocTb, B03HHKaK»maH npii penieHHH sa^an aspo^HHa- 
MiiKii pa3pe>KeHHbix ra30B c iicnojib30BaHiieM KHHeTHnecKoro ypaBHe- 
HHH BojibHMaHa, 3aKjnoHaeTC5i b cjiojkhocth caMoro SToro ypaBHeHHH, 
b oco6eHHOCTH HHTerpajia ctojikhobghhh, CTOHmero b ero npaBoft nacTH. 

EtosTOMy [50], HaHHHaa c 60-x ro^OB XX Bexa CTaji pa3BHBaTbC5i ho- 
Bbift noflxofl k HCCjieflOBaHHio ypaBHeHHH BojibHMaHa, cyrb KOToporo co- 
ctoiit b cjie^yiomeM: Hcnojib3ya onpeflejieHHbie 3aKOHOMepHOCTH ctojik- 
HOBeHHH MOJieKyji, npoBO^HT ynpomeHHe npaBOH, HHTerpajibHoft nacTH 
ypaBHeHHH BojibinviaHa, a nojiyneHHoe TaKHM o6pa30M ypaBHeHHe pac- 
CMaTpiiBaeTC5i KaK ero "ivioflejib" , KOTopaa, coxpaH5ra ocHOBHbie Kane- 

CTBeHHbie 0C06eHH0CTH HCXOflHOrO ypaBHeHHM, 5IBJI5ieTC5I B TOJKe BpeMH 

3HaHHTejibHO 6ojiee npocTbiM Bbipa^KeHiieM. 

IlepBaa H3 CTaTHCTHnecKHx MOflejien ypaBHemiH BojibHMaHa 6bijia 
npefljio^KeHa He3aBiiciiMO Apyr ot flpyra b paGoTax [84]. Coo6pa- 
5KeHHH, KOTopbie npiiBejiH k stoh Mo^ejiH BecbMa npocTbi [53]. 

A HMeHHO, nocKOJibKy 6ojibHMaHOBCKHH onepaTop ctojikhobghhh npefl- 
CTaBjiaeT co6oh CKopocTb CTpeMjieHHH (pyHKi^HH pacnpeflejieHHH k paB- 
HOBecHoft MaKCBejuiOBCKoii, to mo>kho nonbiTaTbca b o6ihhx nepTax npe^- 

CTaBHTb 3Ty CKOpOCTb B BH^e OTHOHieHH5I pa3HOCTH fleHCTBHTejIbHOH 

(pyHKi^iiii h paBHOBecHoft k HeKOTopoiviy xapaKTepHOMy BpeivieHH 3aTy- 
xaHHa HanajibHbix B03MymeHHH b oflHopoflHOM ra3e. B pe3yjibTaTe no- 
jiynaeTca cjie/ryioiHee MO/rejibHoe KHHeTHnecKoe ypaBHeHHe: 

% + (W)/ = f-X^l, 

Ot T 

r^e f eq - jioKajibHO paBHOBecHa^ MaKCBejuiOBCKaa cpyHKHH5i pacnpe/rejie- 
hhh. B jiHTepaType ero Ha3biBaioT Mo^ejibio BTK (Bxaraarap, Tpocc, 
Kpyic), BrK - ypaBHeHHeM hjih npocTO pejiaKcanHOHHbiM KHHeTHne- 
ckhm ypaBHeHHeM. 

PICTOpHH TOHHblX penieHHH MOflejIbHblX KHHeTHHeCKHX ypaBHeHHH 

HanHHaeTca c 1960 ro/ra, Kor^a Kefe b pa6oTe [57] BBeji b paccMOT- 
peHne MeTOfl penieHHH ypaBHeHHH nepeHoca, coctoshhhh b pa3Jio>KeHHH 
peniemra no ^HCKpeTHbiM h CHHryjiapHbiM o6o6rn;eHHbiM co6cTBeHHbiM 
(pyHKH,HHM cooTBeTCTByiOH],ero onepaTopa nepeHoca h HaxojK^eHHH ko- 
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SCpCpHHHCHTOB STOrO pa3JIO>KeHH5I C nOMOIUbK) TeXHHKH CHHryjI^pHblX 

HHTerpajibHbix ypaBHeHHH. 3tot mqtoj\ CTaji hctohhhkom tohhmx pe- 
iiighiih, nojiy^aeMbix aHajiHTHnecKH b 3aMKHyToii (popMe. 

B 1962 rofly HepnHHbHHH b pa6oTe [50] pa3pa6cxraji MeTOfl Keft3a 
npiiMeHiiTGjibHO k sa^anaM KHHerHnecKOH Teopiiii, b HacTHOCTH, k 3a- 
^ane o cflBHroBOM TeneHHH pa3pe>KeHHoro ra3a npn hoctohhhoh TeM- 
nepaType (sa^ana Kpaiviepca). IIpH stom, Ha ocHOBe aHajiHTHnecKoro 
penieHHH ypaBHemiH BojibHMaHa c onepaTopoM ctojikhobghhh b (popMe 
BrK MO^ejiH, 6bijia nojiyneHa TOHHan (popiviyjia fljra BbiHHCJieHHH Koacp- 

(pHU,HeHTa H30TepMHHeCK0r0 CKOJIbJKeHHH ra3a BflOJIb HJIOCKOH TBep^OH 
nOBGpXHOCTH . 

B pa6oTe [59] HepHHHb5fflH peninji sa^any Kpaiviepca c yneToivi aKKO- 
MOflai^HH MOJieKyji, b [EE] paccMOTpeji HecTarniOHapHbiii cjiynaH h b [60] 

BblHCHHJI 3aBHCHMOCTb K03(p(pHHHeHTa CKOJIbJKeHHH OT HaCTOTbl CTOJIK- 
HOBeHHH. 

B pa6oTe [IT] 6biji npefljicoKeH npHHininHajibHO HOBbiii MaTeiviaTH- 
necKHH noflxofl, KOTopbiH no3BOJiHeT nojiy^HTb TOHHbie penieHHH jih- 
Heapii30BaHHbix ypaBHeHHH BojibHMaHa c onepaTopoM ctojikhobghiih 
BrK- hjih sjijinncoHflajibHO-CTaTHCTH^ecKOH MO^ejiH nyTeM CBe^eHHH 
hx k HHTerpo-^HcpcpepeHi^HajibHbiM ypaBHeHHHM rana CBepTKii. Ilojiy- 
HeHHbie TaKHM o6pa30M ypaBHeHHH npeo6pa30BaHHeivi Oypbe cboahtch 
k KpaeBbiM sa^anaivi PniviaHa — THjib6epTa h peniaic-TCH 3aTeivi MeTo^a- 
mh TeopiiH (pyHKHHH KOMnjieKCHoro nepeivieHHoro ([5], [6], [47]). 

B pa6oTe A.B. JlaTbinieBa h A. A. K)niKaHOBa [72] BnepBbie 6biji 
npnivieHeH MeTCfl pa3Jic»KeHHH peniemiH no CHHryjinpHbiM co6cTBeHHbiM 
(pyHKHHHM fljia penieHHH CHCTeivibi flByx HHrerpo-flHcpcpepeHHHajibHbix 
ypaBHeHHH nepeHOca. 3HaHHrejibHoe hhcjio aHajiHTHnecKHx peniemiH 
rpaHHHHbix sa^an pa3JiHHHbix MO^ejibHbix KHHeTHnecKHx ypaBHe- 
HHH 6bijio nojiyneHO b pa6oTax ([18]-[45]). KBaHTOBbie (pepMH-ra3bi H3y- 
najiHCb, rjiaBHbiM o6pa30M, b paivntax paccMOTperara KHHeTHKH sjiex- 
tpohob b nojiynpoBOflHHKax h MeTajuiax (cm., Hanpniviep, [IS]). KBaH- 
TOBbie 6o3e-ra3bi pacciviaTpHBajiHCb npn HCCjieflOBaHHH KHHeTHKH (pOHO- 

HOB, MarHOHOB H 3KCHTOHOB B KOHflCHCHpOBaHHblX Cpe^aX [E] . OflHaKO 
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H SJieKTpOHbl B TBepflblX TejiaX, H CpOHOHbl OTHOC5ITC5I K KBa3HHaCTH- 

heim, Hbe noBefleHHe OTjinnaeTca ot noBejj,eHH5i CBo6ojjHbix nacTHii,, a 
ajieKTpoHbi, KpoMG Toro, o6jiajjaiOT 3ap5iJxpM, Tax hto b stom cjiynae 
mm HMeeM flejio c kiihgtiikoh njia3Mbi. 

B HacToam,eH pa6oTe Ha ocHOBe HejiHHeiiHoro pejiaKcairnoHHoro kh- 
HeTHnecKoro ypaBHeiiira fljia KBaHTOBbix cpepMH-ra30B c nepeMemioii 
nacTOTofi CTOJiKHOBemiii BbiBOflHTCH c ncnojib30BaHiiGM 3aKOHa coxpa- 
HGHH5I HMnyjibca jiiiHeapii30BaHHOG ypaBHeHHe fljra sa^aH CKOJib>KeHii5i 
ra3a B/jpjib iuiockoh TBep^oii noBepxHOCTii . IIpoBOfliiTca nocTaHOBKa no- 
jiynpocTpaHCTBeHHoii sajraHii Kpaiviepca o Haxo^fleHiiii ckopocth 1130- 
TepMHHecKoro CKOJib>KeHH5i ra3a B/jpjib iijiockoh noBepxHOCTii . 3aTeM 
pa3BiiBaGTC5i MaTeMaTiiHecKiiH annapaT, Heo6xojiHMbra fljia peiiieHHH 3a- 
/ranii. AiiajiiiTiiHecKoe penieHHe sa^a^ii CTpoiiTC5i c ncnojib30BaHiieM 
TexHiiKii CHHryjisipHbix HHTerpajibHbix ypaBHGHiiii c 51/xpoM Kohiii h Kpa- 
eBbix sa^an Teopiiii (pyHKrjuft KOMnjieKCHoro nepetviemioro. B Koiirje pa- 
6oTbi CTpoHTC5i npocpiijib MaccoBofi CKopocTii ra3a b nojiynpocTpaHCTBe. 



2 HejiHHefiHoe ypaBHeHHe ^jia KBaHTOBbix 

4>epMH-ra30B 

IlpiiBefleM BbiBOfl KiiHGTiiHecKoro ypaBHeHHe fljiH sajjaH CKOJib>KeHii5i 
KBaHTOBbix <pepMH-ra30B c nepeivieHHoii HacTOToii CTOJiKHOBemift. 

PaccMOTpHM r-MOflejibHoe ypaBHeHHe BojibinviaHa ^jra cjiynaa, ko- 
rjj,a nacTOTa ctojikhob6hhh MOJieKyji ra3a nponopniiOHajibHa MO/jyjiio 
ckopocth MOJieKyji: 

^ + (W)/ = I /(v)(/i-/). (2.1) 

3jj,ecb / = /(r, v, t) - (pyHKH,H5i pacnpeflejiemrH ra30Bbix MOJieKyji, 
z/(v) - nacTOTa ctojikhob6hhh, 3aBHCHii];aH ot MOJjyjra OTHOCiiTejibHoii 

CKOpOCTH MOJieKyji, 

"(v) = 



v — u 
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u = u(r, t) - MaccoBaa CKopocTb ra3a, onpejj,ejisieMa5i cooTHOineHneM 
u = J v/(r, v, t)dn M , dn M = d 3 v, (2.2) 

n(r,t) = J f(r,\,t)dn M , 
n(r, t) - HHCJiOBaa njiOTHOCTb (KOHueHTpaHH^) MOJieKyji ra3a, |v— u(r, t)\ 

- MOflyjIb CKOpOCTH MOJieKyjIbI B CHCTeMe OTCHCTa, OTHOCHTejIbHO KOTO- 

poii ra3 b flaHHoii TOHKe r noKOHTca, t. e. HMeeT MaccoByio CKopocTb, 
paBHyio HyjiK), v - MOJieKyirapHasi CKopocTb ra3a b jia6opaTopHoii ch- 
CTeMe OTCHGTa, u(r, t) - MaccoBaa CKopocTb ra3a b tohkc r b jia6opaTop- 
hoh CHCTeivie OTC^eTa, / - cpeflH^H ^jiHHa CBo6ojjHoro npo6era MOJieKyji, 
/ = tvt-, t - BpeMH pejiaKcaiiiiH, t. e. BpeMfl Mex^y jiByM5i nocjiejip- 
BaTejibHbiMH CTOJiKHOBeHHHMH MOJieKyji ra3a, vt = l/y/P - TenjiOBaa 
CKopocTb ra3a, (3 = y/m/2kT. 

<DyHKiiH5i - aHajior MaKCBejuiOBCKoii (pyHKHiiH pacnpeflejiemiH, 
KOTopbift HMeeT cjiejiyioiHHH bhjj, 

f M (r, t)=n [tL) exp [ - /3(v - u*(r, t)) 2 \ , (2.3) 

rjj,e u*(r,£) - napaMeTp MOJj,ejiH, onpejj,eji5ieMbiH 113 Tpe6oBaHii5i Bbinoji- 
HeHii5i 3aKOHa coxpaHeHira HMnyiibca: 

J v(v)vf(r,v,t)dn M = J v(v)vf M dn M . (2.4) 

Otmcthm, hto jioKajibHO paBHOBeciiafl MaKCBejuiOBCKaa cpyHKiiiisi pac- 
npejj,ejieHH5i HMeeT cjiejjyioiHHH bhjj,: 

//3\3/2 r 

f M (r,t) = n^-J exp (3(v - u(r,t)) 

MaccoBasi CKopocTb ra3a u(r,t) H3 Jm BbiHHCjraeTca corjiacHO (2.2). 

PaccMOTpHM o6o6ni,eHHe ypaBHeHHa (2.1) Ha cjiynaii KBaHTOBbix cpepMH- 
ra30B. 3to o6o6ineHHe coctoht b tom, hto aHajior MaKCBejuiOBCKoii 
(pyHKii,HH pacnpeflejieHHH 3aMeH5ieTC5i Ha aHajior (pyHKHHH pacnpe- 
jj,ejieHH5i OepMH — flnpaxa fp. Ilpn stom jj,ji5i cpepMH-ra30B nojiynaeM 
ypaBHeHne BHjj,a (2.1): 

g- + (vV)/ = Kv)(/W), (2-5) 
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B KOTOpOM 

fF = f*F(r,v,t) = 



1 + exp 



(3{v -u*(r, t)) 2 -fi/kT 



(2.6) 



S^ecb b ypaBHGHHii (2.6) BejinnnHa \i (xnivrnnecKHH noTeHnnaji mo- 
jieKyji) n TeivinepaTypa T cnnTaiOTC5i nocT05iHHbiMii. B ypaBHemiii (2.6) 
napaivieTp MO^ejin u*(r, t) onpe^ejraeTCsi 3aKOHOM coxpaHeHH5i nivinyjib- 
ca: 



J v(v)vf(T,V,t)<Kl= J !/(v)v/j 



(2.7) 



S^ecb 



dQ = 



2s + 1 Si 



(27T/l) 3 

s - cniiH HacTHii;bi, p = mv - ee iiMiryiibc, h - nocT05iHHa5i EtjiaHKa. 

KpoMe Toro, b Bbipa>KeHHH (2.6) xiimiihgckiih noTemniaji fi ii3MeH5i- 
eTC5i b npe^ejiax ot — oo +oo KaK hhcjioboh napaivieTp. 

Byn,eivi CHirraTb, nro MaccoBasi CKopocTb ra3a u Majia no cpaBHeHHio 
co 3ByKOBoii: 

|u(r,t)| 



vt 



<C 1. 



3 JlHHeapH30BaHHoe ypaBHeHHe rjir kbehtobbix 

cpepMH-ra30B 

CHanajia npoBe^eivi jinHeapH3annio KHHeTnnecKoro ypaBHeHna (2.5) fljra 
KBaHTOBbix (pepMH-ra30B. JlHHeapH3annio aHajiora (pyHKnnn pacnpe^e- 
jieHH5i Oepivin — ^npaxa npoBe^eivi no napaivieTpy u*. 

BBe^eM o6o3HaneHne:£* = /3(v — u*) 2 — fi/kT. jlnHeaproanHH f F no 
BejinnnHe u* npnBO^HT k cjieflyioineiviy Bbipa>KeHHio: 



f*F = l 

HJIH B 5IBHOM BHfle, 



* 

I r 1 

* 



u»=o du 



u*=0 



fp = fF(v) + 2g(v)(3vu*. (3.1) 
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S^ecb /f{v) - a6cojiK)THoe pacnpe^ejieHHe OepMii — flnpaxa, 



MV) = l + exp(^-^T)' S{V) = 



exp((3v 2 - n/kT) 
(l + exp(>; 2 - fi/kT) 



CB33b Mempy flByMH nocjieflHHMii (pyHKini5iMii Bbipa>KaeTCH paBeH- 



ctbom: g[v 



, r fl e £ = f3v 2 - ji/kT. 



PaBGHCTBO (3.1) 03HanaeT, hto (pyHKi^Hio pacnpe^ejieHM cjie^yeT hc- 
KaTb b cjie^yioineM jiHHeapH30BaHHOM OTHOCirrejibHO a6cojiK)THoro pac- 
npeflejieHHH OepMH — flnpaxa Bii^e: 



/(r, v, t) = f F (v + g{v)<p(r, v, t). 
HaiifleM pa3HOCTb Bbipa>KeHHH (3.1) h (3.2). HivieeM: 



f F ~ f = 9(v) 2/3vu, - <p(r, v, t) 



(3.2) 



(3.3) 



B JIHHGHHOM npil6jIH>KeHHII 3aBHCHMOCTb HaCTOTbl CTOJIKHOBeHHH MO- 

jieKyji ot MOflyjia CKopocTH MOJieKyji jiHHeHHaa: 



,(V) = y, 



- . /„2 



^ + v« + ^ 



'a; 1 "j/ 

11 oflCTaB Ji5i5i pa3HOCTb (3.3) b KHHGTiiHecKOG ypaBHeHiie (2.5), nojiy- 
HaeM cjie^yiomee ypaBHeHiie: 



^ + (vV)tj(r, v, t) = y 2/?vu„(r, t) - p(r, v, t) 



(3.4) 



nepeiifleM b ypaBHeHHH (3.4) k 6e3pa3MepHOH ckopocth MOJieKyji: 
C = y/]3v = v/vy. BBe^eM 6e3pa3MepHyio (MaccoByio) CKopocTb ra3a 
U(r,t) = V?u*(r,*). 

Tor^a ypaBHeHHe(3.4) 3aniiCbiBaeTC5i b cjieflyiomeM BH^e: 



dt dr I 



2CU(r,£) - y?(r,v,*) 
BBe^eM HOBbie 6e3pa3MepHbie nepeivieHHbie: 



* 1 r /7T 

*i = - = i/o* 5 , = -, ri = - = z/ V P r - 
r r t 
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Tor^a npeflbiflymee ypaBHemie b 6e3pa3MepHbix nepetvieHHbix 3ann- 
cbiBaeTca b BH^e: 

^ + + CV(r b C, h) = 2CCU(n, ti). (3.5) 
ari OTi 

Tenepb BOcnojib3yeMC5i 3aKOHOM coxpaHeHHH HMnyjibca. B jiiihghhom 
npii6jiii>KeHiiH 3tot 3aKOH npHHHMaeT cjieflyiomHH bh^: 



/ 



w(f - f F )dn = o, 

hjih, b 6e3pa3MepHbix nepeMeHHbix, 

J CCg(C)(2CV,(r 1 ,t 1 ) - ip)d 3 C = 0. 

9T0 BeKTOpHOe paBeHCTBO SKBHBajIGHTHO TpeM CKajrapHbIM, H3 KOTO- 

pbix nocjieflOBaTejibHO nojiynaeivi: 

f CC x ip(Ti, C, h)g{C)(fC [ CCyipiT!, C, h)g(C)d 3 C 

J CC 2 g(C)d 3 C V J CC 2 g(C)d 3 C 

[ CCM^di)g{C)d 3 C 



2u: = 



J CC 2 z g{C)d 3 C 



3aivieTHM, hto b CHjiy CHMMeTpHH 3HaMeHaTejiH Bcex 3thx Tpex Bbipa- 
jkghhh paBHbi Apyr Apyry. Bmhiicjium hx, nepeiiflsi k nojiapHbiM Koop- 
flHHaTaivi: C x = Cfi, C y = Csin#cosx, C z = Csin#sinx- HivieeM: 



1 oo 2f 

CC 2 g(C)d 3 C = J J J CC 2 (1- /I 2 ) cos 2 X g(C)C 2 diidCdx = 

-10 

oo 



= Yj C 5 g(C)dC=^-g 5 (a), 



r^e 

oo 

, N f exp(C 2 - a)C 5 dC 

9n{Oi)= — — -~2, rc = 0, 1,2, ••• 

J (1 + exp(C^ - a)) 1 
o 
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BbiHHCJiHH no HacTHM flBajKflbi HHTerpaji H3 g$ (a), Haxo^HM, hto 



3G 



— r = 2 / C ln(l + exp(a - C 2 ))<iC. 



TaKHM o6pa30B, mh HanuiH, hto 

2ir(n,ti) = — / CCip(T^C,t{)g(C)<PC. 



4:7rg 5 (a 

HTaK, ypaBHeHHe (3.5) 3anHCbiBaeTC^ b cjieflyiomeM BH^e: 
^ + c!^ + CV(ri,C,*i) = 



dt\ dr\ 

3CC 



C , CV(rl,C / ,^ 1 ) ^ /(C / ) ( i 3 C , 



47rg 5 (a) 

B CTan,HOHapHbix 3a,n,aHax npeflbiflymee ypaBHeHHe ynpomaeTCH: 

+ CV(r 1? C) = / C'CV(ri, C, )<?(C'M 3 C". (3.6) 

PaccMOTpHM HacTHbiii cjiynaH ypaBHeHHe (3.6) ^jm sa^an CKOJib>Ke- 
HH5i KBaHTOBoro ra3a. EtycTb ra3 3anojiH5ieT nojiynpocTpaHCTBO {x, y, z : 
x > 0} h flBm-KeTCfl BflOJib njiocKOH noBepxHOCTH b HanpaBjieHHH och y. 

Toiyra, corjiacHO HepHHHbHHH [52], cpyHKHHio pacnpe^ejieHHsi 6yn,eM 
HCKaTb b BHfle: 

<p(t 1} C) = C y h(xi,fjL,C). 

IlpH 3tom Mbi npe^nojiaraeM, hto (pyHKHH5i /i, C) He 3aBHCHT ot 

a3HMyTajibHoro yrjia b hjiockocth (y, z), a 3aBHCHT TOJibKO ot /i, C h xi 

C 

#1 = r la;), r A e ^ = "77- yHHTblBaH, HTO B CCpepHHeCKHX KOOpflHHaTaX 

C C = O^O x + CyC y + C Z C z = 



= C fiC'fi' + C C'\J 1 — fi 2 \Jl — fi' 2 ( cos x cos x' + si n X s ^ n x'^j ? 
Ha ocHOBaHHH (3.6) nojiynaeM cjieflyiomee ypaBHeHHe: 



^ 7 / ^ 

+ h{x h fi, C) = 
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= - 3 , - / C'C' 2 h(x h ii',C')g(C')d 3 dC. (3.7) 
47rg 5 (a) J y 

YnpocTHM HHTerpajibHoe cjiaraeivioe H3 npaBoii nacTH ypaBHemra (3.7). 
nepexoflH k ccpepHHecKHM KOopflimaTaM. EtojiyHaeM, hto 



/■ 



C'C' 2 h(x h n\ C')g(C')d 3 dC = 




1 oo 2i 

C /5 (l - ii' 2 )cos 2 X h{x l ,ii\C')g{C')dii'dC'd^ = 

-10 

1 oo 

= 7T J J {I- /i /2 )C /5 h( Xl , //, C')g{C')dii'dC'. 

-1 o 

TaKHM o6pa30M, ypaBHeHHe (3.7) ynponjaeTca h HMeeT cjie/ryioiHHH 

A*^r + h{xi,fjL,C) = 

+1 +oo ^ 

= 5 J (1 - ^ /2 )<V y exp(-C /2 )C /5 /i(x 1 , //, C")dC". 

-1 o 

H3 nocTaHOBKH sa^anH Kpaiviepca 6yn,eT bh^ho, hto rpaHHHHbie ycjio- 

BHH B 3TOH Sa^ane He 3aBIIC5IT OT MOflyjIH MOJieKyjIHpHOH CKOpOCTH, T.e. 

h(xi,fi, C) = h(xii[i). Tor^a ypaBHeHHe (3.8) ynponjaeTCH h HMeeT 

CJieflyiOIHHH BHfl 

1 

dh 3 f 

^~dx\ + k(yXh ^ = 4 / ^ ~ V' 2 ) h ( x ii tidV- ( 3 - 9 ) 



4 IlocTaHOBKa sa^ann Kpaiviepca c ^HcJx^ysHbiMH 

rpaHHHHMMH yCJIOBHSMH 

Sa^aHHe rpa^HeHTa MaccoBoii ckopocth g v 03HanaeT, hto B^ajiH ot 
CTeHKH pacnpe^ejieHHe MaccoBOH ckopocth b nojiynpocTpaHCTBe HMeeT 
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JIHHeifflblH pOCT 

u y (x) = u s i + g v x, x ->• +00, 

YJ\<d U s l - HeH3BeCTHa5I CKOpOCTb CKOJIb>KeHH5I. 

YMHO>KaH 3to paBeHCTBO Ha ^ff> 11 yHHTbmaH CB5i3b pa3MepHoro g v 11 
6e3pa3MepHoro G v rpaflneHTOB g v = vG v , j\r^ 6e3pa3MepHoft MaccoBoii 
CKopocTii U y = \fj3uy nojiynaeM 

Uy(xi) = Usi + G v x h xi ->• +00. (4.1) 

B cooTHonieHHH (4.1) C/ s / = \ffiu s i - 6e3pa3MepHa5i CKopocTb CKOJib- 
>KeHHa, x\ = v\f]3x = x/l - 6e3pa3MepHa5i KoopflimaTa. 

^H(p(py3Hoe OTpa>KeHiie (pepMH-nacTHii, ot noBepxHOCTii 03HanaeT, 
hto nocjie^Hiie OTpa>KaiOTC5i ot ctghkii, iiMesi (pepMiieBCKoe pacnpe^e- 
jieHHe, T.e. 

f(x = 0,v) = f F (v), v x >0. (4.2) 

yHiiTbiBaa, hto (pyHKHiiio pacnpe^ejieHHa fljra (pepMii-ra30B mm nm;eM 
B BH^e 

/ = fF + g(C)C y h(xi,fi), 

ii3 ycjiOBiM (4.2) nojiynaeM rpaHHHHoe ycjiOBHe Ha ctghkc Ha (pyHKHHio 
h{x h fi): 

h(0,fi) = 0, fi>0. (4.3) 

Btopmm rpaHHHHMM ycjiOBHeM HBji5ieTC5i rpaHHHHoe ycjiOBHe "B^ajin 
ot CTeHKn" . 3thm ycjiOBHeM 5iBji5ieTC5i cooTHonieHHe (4.1). llpeo6pa3y- 
eM 3to ycjiOBHe Ha (pyHKHHio h(xi, fi). YcjiOBHe (4.1) 03HanaeT, hto B^a- 
jih ot CTeHKH MaccoBasi CKopocTb nepexoflHT b CBoe acHMnTOTHnecKoe 
pacnpeflejieHHe 

Uy S {xi) = U s i + G V X\. 

Bbipa>KeHHe ^jm MaccoBoii ckopocth (2.1) 03HanaeT, hto B^ajin ot CTeH- 
kh cpyHKHH5i h(x\, /j) nepexo^HT b CBoe acHMnTOTHnecKoe pacnpeflejie- 
Hne 

h as (xi,n) = 2U s i(a) + 2G v (x 1 - //), 
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Ha3bmaeMoe pacnpe^ejieHneM HenMeHa — 9HCKora (cm., Hanpniviep, 

TaKHM o6pa30M, btopmm rpaHHHHbiM ycjiOBiieM HBjiHeTCH ycjiOBHe: 

h(xi,/i) = 2U s i(a) + 2G v (xi — //), x ->• +00. (4.4) 

Tenepb sa^ana Kpaiviepca npn ycjic-Bnn ^ncpcpysHoro OTpa>KeHH5i (pep- 
MH-HacTHii; ot CTeHKH ccpopMyimpoBaHa nojiHOCTbio n coctoht b peine- 
HiiH ypaBHeHiiH (3.9) c rpaHiiHHbiMii ycjiOBHHMH (4.3) n (4.4). Ilpii stom 
Tpe6yeTCH onpe^ejinTb 6e3pa3MepHyio CKopocTb CKOJib>KeHH5i f/ s ^(a), Be- 
jiiiHiiHa rpaflnenra G v cnnTaeTCH sa^amion. Kpoivie Toro, Tpe6yeTCH no- 
CTpoiiTb (pyHKnnio pacnpeflejieiiira b nojiynpocTpaHCTBe x\ > 0, Tpe6y- 

eTC5I nOCTpOIITb npOCpIIJIb MaCCOBOH CKOpOCTH Uy(xi) II HaHTH 3HaneHne 

MaccoBoft CKopocTH ra30B HenocpecTBeHHO y ctghkii u y (0). 

H3 npeflbi^ymnx paccyacfleHnn no jiHHeapnsannn ypaBHeHiisi (2.5) 
BbiTeKaer, hto U*(x\) = U*(x\) = 0, a npaBaa nacTb ypaBHeHiisi (3.9) 
paBHa: 

1 

2U*(xi) = — / (1 — fi ,2 )h(xi, fi r )dfi r . (4-5) 



4 



-1 



Bo3bMeM Tenepb BbipajKeHne fljra KOMnoHenrbi MaccoBon ckopocth 
ra3a 

u y (x 1 ) = J v y fdtt J fdtt 1 . (4.6) 

Ilocjie noflCTaHOBKii b (4.6) Bbipa>KeHH5i / = fp + C y g(C)h(xi, fi) 
fljiH (pepMH-ra30B n nocjie^yioineH jiHHeapnsannn nojiynaeivi fljra 6e3- 
pa3MepHon MaccoBoft ckopocth cjieflyioinee Bbipa^KeHne: 

U y (x 1 )= f C^(C,a)/i(xi,/i)d 3 c[ / f F d 3 c] \ (4.7) 



Sflecb 



00 

r C 2 dC 

f F d 3 C = 4tt / — — = 27r/ (a), 

1 + exp(6 v — a) 



r#e 







DC 



l Q (a) = J ln(l + exp(a - C 2 ))dC. 
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flajiee, 3aMena5i, hto 

i 

J C 2 g(C, a)h{x\, ^)<i 3 C = ng^a) J (1 — fi 2 )h(x\, /i)d/i, 

-l 

3aKjiK)HaeM, hto 6e3pa3MepHaH MaccoBan CKopocTb paBHa: 

l l 

U v {xi) = J {I- n 2 )h{xi, fi)dfi = 5 y (1 - ii 2 )h(x h y)dn. (4.8) 

-l -l 
Tenepb H3 (4.8) h (4.7) nojrynaeM, hto U y h [/* coBna/iaiOT: 

^y(^i) = (4.9) 



5 Co6cTBeHHbie peineHHa h ^HcnepcHOHHaa 

4>yHKLI,H5I 3a^aHH 



5.1 Pa3,z],ejieHHe nepeMeHHbix 

Pas^ejieHHe nepeivieHHbix b ypaBHGHiiii (3.9) ocymecTBjraeTCH aH3a- 
ueM Kefea 

% 

hr,(x, ii) = exp( — )ip(r), /i), ijeC, (5.1) 
rj 

r/je r\ - cneKTpajibHbiii napaMeTp, hjih napaivieTp pa3Jj,ejreHH5i, BOo6me 
roBopn, KOMnjieKCHbiii; C - paciHHpeHHan KOMnjieKCHan njiocKOCTb. 

Ecjih no^CTaBHTb Bbipa>KeHHe (5.1) b Hcxo/iHoe ypaBHeHHe (3.9), to 
Mbi cpa3y nojrynaeM cooTBeTCTByioinee xapaKrepncTHHecKoe ypaBHeHHe 

l 

fa - vMv, m) = \ /(i - v' 2 Mv, m') <*A*'- (5-2) 

-1 

Ecjih bbccth o6o3HaHeHHe 

l 

™0?) = Ji 1 - A^M^ (5-3) 

-l 
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to xapaKTepncTHHecKoe ypaBHemie (5.2) mo>kho nepenncaTb c noMO- 

mbK) (5.3) B BHfle 

3 — 
(rj - fi)(p{r], n) = -rjn(r)) : i?eC. (5.4) 

YcjIOBHe (5.3) Ha3bIBaeTCM HOpMHpOBOnHbIM yCJIOBHeM, HOpMHpOBOH- 
HblM HHTerpajIOM, HJIH npOCTO HOpMHpOBKOH. 

B CHjiy oflHopoflHOCTH HCxo^Horo ypaBHeHHH (3.9) mo>kho cnnraTb, 

1 

n(rj) = J(l-fi' 2 Mrj,fi')dfi' = l, (5.5) 
-l 

T. e. CHHTaTb, HTO HOpMHpOBOnHblH HHTerpajI Co6cTBeHHOH (pyHKUHH 
TCKKfleCTBeHHO paBeH eflHHHL^e. 



5.2 Co6cTBeHHbie (JjyHKijHH h co6cTBeHHbie 3HaneHHH 

Byn,eM HCK&Tb penieHHe ypaBHerniH (5.4) h (5.5) b Kjiacce o6o6meH- 
Hbix (pyHKiriiH D'(A), A = (—1, 1). 

06mee penieHiie sthx ypaBHeHHH b Kjiacce D'(A) ^aeTCH (cm., Ha- 
npniviep, [1]) (popMyjioii 

3 1 

^{ r n^) = -;vP aO, (5-6) 

4 T] — fl 

Koiyra 77, \i 6 A. 

S^ecb gijf) - npoH3BOJibHaH HenpepbiBHaa (pymtHHH, onpeflejiaeMaa 
HH>Ke H3 ycjiOBHH HopMHpoBKH (5.5), chmboji Px~ l 03HanaeT pacnpe- 
^ejieHHe (o6o6meHHyio (pyHKuiiio) - rjiaBHoe 3HaneHiie HHTerpajia no 
Kohih npii HHTerpiipoBaHHii Bbipa>KeHH5i x~ , t. e. Px 03HanaeT jih- 
HeftHbift (pyHKi^iiOHaji, fleftcTByioinHH no (popivryjie 



r^e </? G £>(A). 
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06o6meHHaH (pyHKnnsi Px~ l coBna^aeT c o6binHon (pyHKnnen x^ 1 
npn x G A \ {0}. OHa Ha3bmaeTC5i rjiaBHbiM 3HaneHneM HHTerpajia ot 
5(x) ecTb flejibTa-cpyHKi^HH ^UnpaKa. 
rioflCTaBjiHH (5.6) b (5.5), nojrynaeM 

g(r ] )(l-r ] 2 ) = \(r ] ), (5.7) 

r^e 

+i 

A(*) = l + -« 2 )^ (5.8) 

-1 

ecTb flHcnepcHOHHaa (pyHKnnsi Bnjib5iMca [21], [32], [S], [35] . 
rioflCTaBjisra #(77) H3 Bbipa>KeHHH (5.7) b (5.6), HaxcflHM: 

4 77 — fi 1 — f] z 

ecjiH 77, /i G A. 

Bbipa>KeHHe (5.9) npefleraBjraeT co6on coGcTBeHHyio (pyHKnnio Henpe- 
pbiBHoro cneKTpa (77 G A), OTBenaioiiiyio e/rnHHHHon HopMiipoBKe (5.5). 

5Icho, hto HenpepbiBHbiH cneKTp xapaKTepneranecKoro ypaBHGHH5i 
3anojiH5ieT cnjioniHbiM o6pa30M bckd flenerBHTejibHyio ocb, n6o npn H3- 
MeHGHiiii fi HenpepbiBHbiM o6pa30M ot — 1 ,0,0 +1 Hyjib pa3HOCTn 77 — fl 
npoGeraeT HenpepbiBHbiM o6pa30M TaioKe bckd flencTBHTejibHyio ocb 77, 
t. e. 77 G (-1,+1) = A. 

^HCKpeTHbiM cneKTpoM xapaKTepHCTiinecKoro ypaBHeHiiii Ha3bmaiOT 
(cm., HanpHMep, [8], [52]) MHC»KecTBO Hyjien flncnepcnoHHoro ypaBHeHiisi 

X(z) = 0. (5.10) 

YpaBHeHHe (5.10) X(z) HMeeT eflHHCTBeHHbin Hyjib - abohhoh Hyjib b 
TOHKe 770 = 00. 3T0My Hyjiio, KaK KpaTHon Tonice ^HCKpeTHoro cneKTpa, 
OTBenaeT /nm co6cTBeHHbix peniemra ypaBHeHna (3.9). 

OflHO H3 flByx penieHHH ncxoflHoro ypaBHeHH5i (3.9) b cnjiy ero cyj,- 
HopoflHOCTH 5iBji5ieTC5i npoH3BOJibHon nocTOHHHOH. BTopoe co6cTBeHHoe 
penieHne ypaBHeHna (3.9) ecTb pa3HOCTb x — fi: 

hx(x,fi) = l n h2(x, ji) = x — jl. 
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3th penieHHH 6yn,eM Ha3bmaTb penieHH^MH, OTBenaiornnMn flncKpeTHO- 
My cneKTpy, hjih /riiCKpeTHbiMii pemeHHHMH ypaBHeHH5i (3.9). 3th penie- 

HH5I 5IBJI5HOTC5I HaCTHblMH peHieHH5IMH ypaBHeHn^ (3.9). CjieflOBaTejIb- 
HO, B CHJiy JIHHeftHOCTH ypaBHeHHH (3.9) aCHMnTOTHHeCKa^ (pyHKII,HH 

pacnpeflejieHHH HenivieHa — 3HCKora h as (x : /i) 5rejraeTCH ero pemeHneM. 

rioflCTaBjiHH co6cTBeHHyio (pyHKH,Hio (5.9) b aH3an, Kefea, nojiynaeM 
co6cTBeHHoe penieHHe ncxo^Horo ypaBHeHna (3.9), OTBenaioinne Henpe- 
pbiBHOMy cneKTpy 

~T]P + —^d(T)-fl) 

4 rj — \i 1 — T} L 

Hn>Ke 6yn,eM roBopiiTb He 06 OflHoft co6erBeHHon (pyHKirnn (5.9) (xa- 
paKTepncTHHecKoro ypaBHeHH^) HenpepbiBHoro cneKTpa, a o cncTeivie 
co6cTBeHHbix cpyHKi^HH HenpepbiBHoro cneKTpa, HMea BBH/ry to o6cto- 
HTejibCTBO, nro Ka^flOMy 3HaneHHio j] G A OTBenaeT KOHKpeTHaa co6- 
CTBeHHaa (pyHKn,na. Cjie^OBaTejibHO, mm HMeeM KOHTHHyajibHoe mho- 
>KecTBO co6cTBeHHbix cpyHKnnn (5.9) xapaKTepncTnnecKoro ypaBHeHna 
n cooTBeTCTByiom,ee ceMencTBO (5.11) co6cTBeHHbix penieHnn KHHerane- 
CKoro ypaBHeHHH (3.9). 



hrj(x,ii) = exp(--] 

T] 



(5.11) 



5.3 ^HcnepcHOHHaa dpynKu^ma h ee CBOHCTBa 

Byn,eM H3ynaTb ocHOBHbie CBoncTBa flncnepcnoHHon cpyHKnnn Bn- 
jibHMca (5.8). HeTpynrio BbinncjinTb, hto 

Kz) = - 1 - + \(l-z 2 )\ c (z) 1 

vj\e X c (z)- flncnepcnoHHaH (pyHKnnsi Kefea [8], 

l 

\ c {z) = l+ l -z [ — . (5.12) 

2 J T - z 

-1 

flncnepcnoHHaH (pyHKnnsi BnjibHMca X(z) aHajinrnnHa bo Been kom- 
njieKCHon njiocKOCTH 3a HCKjnoneHneM ToneK pa3pe3a A = [— 1,+1]. 
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Phc. 1. ,H,eiicTBHTejibHaH nacrb flHcnepcuoHHoft c^yHKUHH BujibHMca Ha 

fleficTBHTejibHoii och. 

fljia rpaHHHHbix 3HaHeHHH flHcnepcHOHHoii (pyHKi^HH BnjibHMca CBepxy 
ii CHii3y Ha pa3pe3e A = (—1, 1) cnpaBefljiimbi (popiviyjibi CoxoHKoro 

3 

A ± (//) = AO) ± Z-7T//(1 - ^i 2 ), 

r^e 

npiiHeM HHTerpaji b Bbipa>KeHiiii ^jih A c (//) noHHMaeTC5i KaK oco6biii b 
CMbicjie rjiaBHoro 3HaHeHH5i no Koniii. 
113 (popiviyji (5.8) nojiynaeM 

3 

X + (jjt) - \-(jjt) = Z7r-//(1 - fi 2 ), fieA, 

i[A + (//) + A-(//)] = A(//), fie A. 
S^ecb X(fi) Ha fleiicTBHTejibHOH och Bbipa>KaeTC5i paBeHCTBOM 

^)- 1 + 4/^7 dr -5 + l< 1 -^( 1 + 5 to TT5)- 

-1 

Pa3Jio>KHM (pyHKii,Hio A(z) b p^ JlopaHa. Bocnojib3yeMC5i (popMyjioii 
(5.12). CHanajia pa3Jio>KHM b psifl JlopaHa flHcnepcHOHHyio cpyHKHHio 
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Phc. 2. MHHMaa naerb flHcnepciioHHoft cpyHKUHii BujibHMca Ha OTpe3Ke [—1, 1] 

^eftCTBHTejIbHOH och. 



Kefea npii \z\ > 1: 

Ac(z) = ~3?~b?~7? (2n + l)z 2 " " " ' ' (5 ' 13) 

IloflCTaBjiiiH pa3Jio>KeHHe (5.13) b (5.12), HaxofliiM pa3jio>KeHiie rjik 
flHcnepcHOHHofi (pyHKuiiii BnjibHMca npn \z\ > 1: 

13 1 3 

^ ~~ ~b?~3b?~21? (2n+l)(2n + 3)z 2 ™~"' " (5 ' 14) 

Ife pa3JIO>KeHH5I (5.14) BHflHO, HTO TOHKa Z = OO 5IBJISieTC5I flBOHHblM 

HyjieM (pyHKi^HH X(z). 3T0My Hyjiio, KaK ^bohhoh tohkc fliiCKpeTHoro 
cneKTpa, OTBe^aiOT ^Ba co6cTBeHHbix peiiieHira ypaBHemiH (3.9) h\{x, fi) 
h h 2 (x, fJb). 

H3 paBeHCTB (5.8), (5.12) h (popMyn CoxouKoro fljra X(z) bh^ho, hto 



Re \ ± (/j J ) = A(/i), fie A, 



Im X ± (/i) = ±?rf//(l - ^i 2 ), fi E A. 



ripHBe^eM rpacpHKH (pyHKi^Hii y = A(/i), fi <E A n y = 7r|//(l — 

/i 2 ), /i G A (CM. piiC. 1 II piIC. 2). nOCTpOIIM Ha KOMnjieKCHOft njIOCKOCTH 

(cm. piic. 3) KpiiBbie r ± : z = X ± (fi), /i G A, KOTopbie onpeflejisiioTcsi 
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z=x+iy 




Phc. 3. KpiiBaH r : z = A + (/i), — 1 < ji < 1, onpe^ejiaeT 3aMKHyTyio KpHByio Ha 



KOMnjICKCHOH IIJIOCKOCTH. 



cjie^yioinHMH napaivieTpHHecKHMH ypaBHeHH5iMH: 

[ y = ±im AO), 

3th KpiiBbiG npe^CTaBjiHioT co6on o^ho h to >Ke reoMCTpnnecKoe 
MecTO ToneK r (cm. pnc. 3), npnneM KpnBa^ r + opiieHTiipoBaHa nojio- 
>KHTejibHO, a r - OTpnnarejibHO. 

BBe^eM yroji 6(fi) = arg X + (fi) - rjiaBHoe 3Han6Hne apryivieHTa cpyHK- 
nnn X + (fi), (pHKcnpoBaHHoe b Hyjie ycjiOBneM 0(0) = 0. Ife pnc. 3 bh^- 
ho, hto npnpameHne SToro yrjia Ha OTpe3Ke [0, 1] paBHO 7r, a Ha OTpe3Ke 
[—1,1] paBHO 2tt. Yroji 6(fi) BbiHHCjiaeTca no cpopiviyjie: 

9M = arccts 3^1 - W 

BBe^eM eme o^hh yroji ((fi) = 6(fi) — tt (cm. pnc. 4), KOTopbin no- 
HafloGnTCH HH>Ke. Ero yzroSHO Bbinncji5iTb no cpopMyiie: 

C(/l) = arCCtg 3^(1 - W) " * = " 2 " arCtg 3t/.(1 -/.») • 
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Phc. 4. KpiiBaH C = C (/•*)> < /i < 1. 

H3 cpopMyn CoxouKoro fljra X(z) cjie^yeT TaK>Ke, hto 
lA^)! 2 = A 2 (^) + (tt^(1 - ^ 2 )) 2 = A+^A^), n <E A. 

0yHKII,HH X + (fl) II A~(/i) 5IBJI5IIOTC5I KOMIUieKCHO - COnp5I>KeHHbIMH, 

t. e. X + (n) = A~(/i), A~(/i) = A + (^i), nosTOMy 

A + M = |A+(^)| exp(0(/x)), A-(^) = |A + (^)| exp(-0(/x)), 

|A + (//)| = |A-(//)|, n <E A. 
OTCiofla cjie^yeT, hto 

GM = ^| = exp(2^)), |GM| = 1, //GA. 

3T0 3HaHHT, HTO KpilBa5I J : Z = G(fJ,), fl G A = ( — 1, +1), Jie>KIIT Ha 
OKpy>KHOCTH eflHHHHHOrO paflliyca H flBaJKflbl o6xO,H,HT 3Ty OKpy>KHOCTb 

b nojio>KHTejibHOM HanpaBjieHHH; ecjiii >Ke \x G A + = (0,1), to 3Ta 

KpiIBa5I CflHH pa3 oSxCflllT eflHHHHHyK) OKpy>KHOCTb B nOJIO>KHTejIbHOM 

HanpaBjieHiiii , sto 3HaHHT, hto ee iih^gkc paBeH efliimme. 

BBe^eM eme CflHy KpiiByio 7+ : z = \ + (fi),fi G A + . 3Ta KpiiBasi 
coBnaflaeT (cm. piic. 3) c nacTbio KpiiBoii T + , jiejKameii b BepxHeii no- 
jiynjiocKOCTH. 
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Phc. 5. KpHBaa Y = A + (yu)A~(yu), -1 < fj, < 1. 
rioKa:>KeM, hto A(z) He HMeeT KcmeHHbix KOMnjieKCHbix Hyjieft b 06- 

JiaCTH D = C \ [—1, +1]. B03bMeM KOHTyp 7 £ , OXBaTbIBaK)III,IIH OTpe30K 

[— 1, +1] ii otctohiii,hh ot Hero Ha paccToaHHH e, £ > 0. CorjiacHO npHH- 
n,Hny apryivieHTa [7] , [8] , [SO] pa3HOCTb Me>K,n,y hiicjiom Hyjieii ii nojiiocoB 
b o6jiacTH D paBHa iiHfleKcy kphboh T, t. e. HH^eKcy K03(pcpiiii,iieHTa 

N - P=— I dlnX(z) = — I d argA(z), 

Z7TZ J Z7T J 

le le 

npHneivi KajKflbiii Hyjib hjih nojiioc CHHTaiOTC5i CTOJibKO pa3, KaKOBa hx 

KpaTHOCTb. 

Ilepexoflsi k npe^ejiy npii e —>■ b stom paBeHCTBe, nojiynaeM: 

1 /* A+(/z) 1 



= 2~tt j d arg = 



JV -P = -yd«g A _ (/i) 

-1 -1 

= lh, (M) = *(!)-*(-!) = ^H[) =2 . 

7T J 7T 7T 

-1 

OTCiOfla cjie^yeT, hto N = 2, h6o P = (nojiiocbi y X(z) OTcyTCTByiOT) . 
3HaHHT, flpyrnx HyjieH, Kpoivie ^BOHHoro Hyji5i z = oo, y (pyHKi^HH A(z) 
b o6jiacTH D HeT. 



KPAEBAH 3ARAHA PMMAHA 



25 



6 O^Hopo^Haa KpaeBaa aa^ana PHMaHa 



6.1 <PaKTopH3yic>maH 4>yHKU,HH X(z) 

B ocHOBe aHajiHTHnecKoro penieHHH rpaHHHHbix sa^an KHHeTHHecKoft 
TeopiiH jie>KHT penieHHe oflHopoflHOH KpaeBoft salami PuMaira c Koscp- 
(pHi^HeHTOM G{ji) = X + (fi)/ A~(/z): 



Sa^ana cpaKTopusauHH (6.1) fljra KcecpcpimHeHTa salami PiiMaHa Ha- 
3biBaeTCH TaK>Ke ( cm. [7], [8]) oflHopoflHoft KpaeBoft sa^a^en PiiMatia. 

yHHTbiBaa CBoftcTBa (pyHKinift A ± (/i), nepemiiiieM KpaeBoe ycjiOBHe 
(6.1) B BH^e 



\nX + (/i) - lnX-(/i) = 2i{6(/i)+7rk), k = 0, ±1, ±2, • • • , < /i < 1. 



PenieHHe stoh salami, KaK salami onpe^ejieHira aHajiHTiinecKOH cpyHK- 
uhh no CKanxy HMeeT bha 



X+(/z) A+( M ) 



< /i < 1. 




x-w a-( m ) 




< /z < 1. 



1 




(6.2) 



o 



06o3HannM 



l 




(6.3) 



o 



Tor^a H3 paBeHCTBa (6.2) invieeM: 




(6.4) 
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Phc. 6. OyHKipifl V = V(x) Ha ^eftcTBHTejibHOH och. 



BbmcHHM noBefleHne cpyHKi^HH X(z) b Hanajie Koop^HHaT. IlpH z — > 
H3 (popMyjibi (6.3) HMeeM: 

V(z) = - e ^~ 7r \nz + 1 (z) {z->0), 

7T 

iyje 6(0) = 0, a 0\(z) - orpaHnneHHaa (pyHKUHH b Hanajie KOop/niHaT. 

Tenepb bh^ho, hto cpyHKuira X(z) = zexpOi(z) HBjraeTCsi Hcne3a- 
KDmeii b Ha^ajie KOop/niHaT. 

HTo6bi c^ejiaTb penieHHe saflann (6.1) HencnesaioiHHM b Hyjie, nepe- 
onpe^ejiHM penieHHe (6.4) cjie^yioiHHM o6pa30M: 



1 



X(z) = -expV(z). 



z 



(6.5) 



3Ty (pyHKH,Hio flajiee 6yp,eM Ha3biBaTb (paKToproyioiHeH, h6o OHa ocy- 
m;ecTBjiaeT cpaKTopH3aHHio KOScpcpHHHeHra 3a,a,aHH G(/j). 

ynHTbiBaa, hto C(r) = 9{t) — 7r, peuieHHio (6.5) MCO-KHO npnflaTb 
cjie^yiomyio cpopMy: 



1 



X(z) = — -ex P V°(z), 

2s J. 



1 fd(r)dT 



(6.6) 



T — Z 
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Phc. 7. OyHKijHH X = X(x) Ha ^eftcTBHTejibHoii och. 



B OKpecTHOCTH Hanajia Koop^HHaT HMeeM: 



X(z) = 



1 



z - 1 



exp 



0(0) 



7T 



lnz + Oi(z) 



— yexp Oi(z) 



OrpaHHHeHHa^ (pyHKHTM, B OKpeCTHOCTII TOHKH z = 1 HMeeM: 



X(z) = 



1 



z- 1 



exp 



9(1) 



7T 



ln(* - 1) + 2 (z) 



= exp 2 (z) 



- orpaHHHeHHaa (pyHKHH5i, h6o 02(2:) - orpaHHHeHHaa b OKpecTHOCTH 

TOHKH Z = 1 (pyHKH,H5I. 

HTaK, penieHne (6.6) sa^aHH (6.1) ecTB cpyHKinia, orpaHHHeHHaa b 

OKpeCTHOCTH KOHHCBblX TOHCK OTpe3Ka HHTerpHpOBaHHS. 



6.2 MHTerpajibHbie npe^cTaBJiemia (pyHKD,HH X(z) w X l (z) 

B03BMeM 3aMKHyTBIH KOHTyp, COCT05HHHH H3 OKpy>KHOCTH Tr paflH- 

yca R = 1/s h KOHTypa 7 £ , oxBaTbiBaiomero pa3pe3 A + = [0,1] no 
nacoBOH CTpejixe h OTCTO^mero ot pa3pe3a Ha paccTO^HHH e. Paflnyc 
Majibix nojiyoKpy^cHOCTeii, bxo^huxhx b j £i paBeH r = e. ElycTb Dr - 
^ByxcBHSHaa o6jiacTb c rpaHHueft DDr = Tr U j £ . 
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Bo3bMeM npoH3BOJibHyio TOHKy z G C\[0, 1]. Hhcjio e Bbi6epeM CTOJib 
MajibiM, HTo6bi z G Dr. CorjiacHO HHTerpajibHoft (popMyjie Koihh fljia 
MHorocB5i3Hbix o6jiacTeii 




X(z') dz' 



z' — z 



riepexoflfl k npe^ejiy npn e — > b nocjie^HeM paBeHCTBe, nojiynaeM 
cjie/jyiomee HHTerpajibHoe npe^CTaBjieHHe 

l 

x{z) = hj x+{T l~-T {T) dT ' zeC \^- ^ 



HHTerpajibHoe npe^CTaBjieHHe (6.7) Bbipa>KaeT 3HaneHHe cpyHKipm 
X(z) b Ka^Kflofi TOHKe z G C \ [0, 1] nepe3 pa3H0CTb rpaHHHHbix 3Hane- 
hhh 3toh (pyHKi^iiii CBepxy h CHH3y Ha pa3pe3e [0, 1]. 

Hcnojib3y5i sajjany PniviaHa (6.1) njiOTHOCTb HHrerpajibHoro npe/r- 
CTaBjieHHH (6.7) mojkho npeflCTaBHTb b flByx 3KBHBajieHTHbix Bbipa>Ke- 
Hiiax: 

- X-(r) = X+(r) - ££j* + (r) = 

= — t{1 - t) —' 

X+(r)-X-(r)=2 JS inC(r), r 6 (0, 1). (6.8) 

Cjie^OBaTejibHO, Ha ocHOBamiH (6.7) nojiynaiOTca cjie/jyiomHe jjBa hh- 
TerpajibHbix npeflCTaBjiemia: 

1 

X ^ = \j A+(r ) T - z dT ' z 6 C \ 1°> 1 1' (6-9) 



1 

X(z) = - [ X(r) SinC(r)G?T , Z 6C\[0,1]. (6.10) 

TV J T — Z 



HHTerpajibHoe npeflCTaBjiemie (6.9) Bbipa>KaeT 3HaneHHe cpyHKHHH 
X(z) b Ka>Kjj,OH TOHKe z G C\ [0, 1] nepe3 cboh >Ke 3HaneHH5i Ha pa3pe3e, 
B35iTbie " CBepxy". 
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HirrerpajibHoe npeflCTaBjieHiie (6.10) Bbipa>KaeT 3HaHGHiie cpyHKUHH 
X(z) b KajKfloii tohkg z G C \ [0, 1] nepe3 cboh 3HaHGHii5i Ha pa3pe3e. 

AHajioriiHHO HHTerpajibHOMy npeflCTaBjieHHio (6.7) fljia cpyHKUHH 
X~ l (z) mojkho BbmecTH cjie^yiomee HirrerpajibHoe npe^CTaBjieHHe 



Z + V 1 = 



1 



X(z) ' 2m J 

o 



dr 



T — Z 



X+(t) X-(t). 

z6C\[0,l], (6.11) 

HHTerpajibHoe npe^CTaBjieHHe (6.11) BoccTaHaBjiiiBaeT 3HaneHHe cpyHK- 
hhh X~ l (z) b TOHKe z G C \ [0, 1] nepe3 pa3HOCTb cbohx rpaHHHHbix 
3HaHeHHH Ha pa3pe3e. S^ecb 

i 



Vi = ~J CM dr. 



o 



3aMena5i, hto corjiacHO (6.1), (6.3) h (6.5) 

1 1 3 r(l-r 2 ) 

= — -7TZ- 



X+(r) X-(r) 2 X+(r)A"(r)' 

1 1 =-2t^^, (6-12) 



X+(r) X~(t) " X(t) 
nojiy^aeM cjie^yiomee HHTerpajibHoe npeflCTaBjieHHe: 

1 =z-V 1 - 1 -i 8 ^^ zeC\[0,l]. (6.13) 



X(z) " ttJ X{t) t-z- 



BbiBe^eM HHTerpajibHbie npeflCTaBjieHHH cpyHKHHii X(z) h X~ l (z) 
fljia TO^eK pa3pe3a, t. e. Kor^a z = ji G (0, 1). 

fljra tohgk /i G (0, 1) corjiacHO (popiviyjie CoxouKoro Ha ocHOBaHHH 
(6.7) HMeeM 

n.)-^W-r M ] + i/^^, 
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OTKy^a 



-dr, \i G (0, 1). 



TaKHM o6pa30M, cyMMa rpaHHHHbix 3HaneHHH (pyHKi^im X(z) Ha pa3- 
pe3e Bbipa>KaeTca nepe-3 pa3HOCTb cbohx rpaHHHHbix 3HaneHHH Ha stom 
pa3pe3e. 

AHajiornHHO mojkho nojiyHHTb, hto npn \i G (0, 1) 



1 



1 1 

+ 



2 [X+(jj) X-(jj) 



1 



1 



1 



2m J [X+(t) X-(t)\ t-/i' 
o 



dr 



Tenepb ynHTbiBaa, hto 



= X(/i) cos CM, 



1 

2 



1 1 

+ 



X+M X-(jj.) 



cosC(^) 



nojiynaeM cjie^yioiHHe ^Ba HHTerpajibHbix npe^CTaBjieHHii 

l 

X(//)cosC(/i) = / X ^]~ X — dr, /I G (0,1) ; 



2m 



T- II 



C0S CM _ „ i 

X{H) 2m 



X+(t) X-(t) 



dr 



r — fi 



-, //G(0,1) ; 



hjih, yHHTbrna^ paBeHCTBa (6.8) h (6.12), OTOio^a nojiynae-M: 

1 

X^cosCM = i / X(t)^^t, ^ G (0,1), 

7T J T fi 





<*»((!>) =ll _ Vi _ I ^ sinC(r) dr ^(^j) 



7T 7 X(r) t — n' 
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C+M = 



IIocjiejxHHe HeTbipe HHTerpajibHbix npejj,CTaBjieHH5i mojkho pacnpo- 
CTpaHHTb c pa3pe3a Ha bcio KOMnjieKCHyio njiocKOCTb. fljra stcto 3a- 
MeHHTb yroji ((fi) b jieBbix nacrax HHTerpajibHbix npe^CTaBjieHHH Ha 
yroji 

' c(a*), o < a* < i, 
o, m£[o,i]. 

B nacTHOCTH, jj,ji5i ToneK pa3pe3a jjiicnepcHOHHOH (pyHKHiiH (—1,1) 
HMeeM: 

l 

X(fi)cosUfi) = - [ X(rf-^^-dr, ^(-1,1), 

7T J T fl 



1 

cosC+M _ „ 1 y sinC(r) 
A(/i) 7Tj A(t) t fi 



3jj,ecb 

1 /"CMdr 



X(jj,) = -e X pV(jj t ) 1 V(jj) = - [ 

fl TV J 



T — fl 



IlocjieflHHe flBa HHTerpajibHbix npeflCTaBjieHHa 6yzryT Hcnojib30BaHbi 
HH>Ke npn nocTpoeHHH (pyHKHiiH pacnpejj,ejieHH5i fljia ji 6 (—1,1). 



6.3 <J>aKTOpH3ail,Ha flHCIiepCHOHHOH 4)yHKIl,HH 

Il0Ka>KeM, HTO flJIH JXHCnepCHOHHOH (pyHKHHH X(z) Be3JJ,e B KOMnjieKC- 

hoh njiocKOCTH, 3a HCKjuoneHHeM ToneK pa3pe3a [0,1], cnpaBe^jiKBa 
(popiviyjia 

X(z) = ±X(z)X(-z), zeC\ [-1, 1]. (6.14) 

Pfe (popiviyjibi (6.14) BbiTeKaeT, hto fljia rpaHHHHbix 3HaHeHHii jjhc- 
nepcHOHHOH (pyHKH,HH Ha pa3pe3e cnpaBefljiHBbi cooTHOineHHa: 

A ± ( A i) = ^X ± ( A i)X(- A i), < fi < 1, 
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X ± (fi) = lx(/i)X T (-ii), -K/i<0. 
5 

fljiH flOKasaTejibCTBa cpopMyiibi (6.14) BBe^eivi BcnoivioraTejibHyio cpyHK- 
uhio 

R(z) - xmhr 

3Ta (pymajira aHajiirniHHa Bes^e b KOMiuieKCHoii iijiockoctii, KpoMe to- 
HeK pa3pe3a [—1,1]. Ka^Kflasi Toxica SToro pa3pe3a HBjiaeTca ycTpaHii- 
Moii. B caMOM flejie, nycTb < \x < 1. Ha ocHOBamiii KpaeBoro ycjiOBira 
(6.1) HMeeM: 

A + M = A~(/i) 

x+(jj)x(-ri x-(v)x(-vy 

OTKyn,a R + (fi) = R~([i), < // < 1. 

IlycTb Tenepb — 1 < /i < 0. SaivieHiiM /i Ha — /i b paBeHCTBe (6.1): 

= A + (- M ) 
A-(-//)- 

He Tpyznio Bii^eTb, hto X + (—fi) = A~(//), A~(— /i) = nosTOMy, 
npe^biflymee paBeHCTBO mojkho nepeniicaTb b Bii^e 

_ a-(m) 
x-(-p) x+(jj,y 

OTCKD^a 

A+M A-(//) 



x(jj,)x+(-fj,y 

Cjie^OBaTejibHO, npii — 1 < /i < R + (i~i) = R~(fi). TaKiiM o6pa30M, 
(pyHKi^iiio mo>kho CHHTaTb aHajiirriiHecKOH cpyHKuiieH Bes^e B KOM- 
njieKCHoii iijiockoctii, b tom HHCjie ii b TOHKax pa3pe3a, floonpeflejiHB ee 
Ha pa3pe3e no HenpepbiBHOCTii. OcTajiocb 3aMerirTb, hto (pyHKrjiTH R(z) 
aHajiHTHHHa ii b SecKOHeHHO yzjajieHHoft tohkc, npiineM R(oo) = 1. no 
Teopeivie JIiiyBiijiji5i 3Ta (pyHKijira 5iBji5ieTC5i TO^flecTBemio iiocto5ihhoh: 
R(z) = 1, OTKyzra h BbiTexaeT cpopiviyjia (6.14). 

H3 (popiviyjibi (6.14) bh^ho, hto X 2 (0) = 5, OTKy^a nojiynaeM: 

X(-0) = -Vb, X(+0) = Vb. 
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6.4 BbiHHCJieHHe KoscJx^nmieHTOB pa3JioxceHHH (JyyHKijHH 

V(z), X(z) h X~\z) 

B OTJIHHHe OT COOTBeTCTByK)III,HX pa3JI0>KeHHH B CJiy^ae nOCTOHHHOH 

nacTOTBi CTOJiKHOBeHHH MOJieKyji sflecB Bee paccMaTpiiBaeMBie psiflbi hb- 

JI5HOTC5I CXOfl^mHMHCH CTeneHHblMH p^flaMH, a He aCHMnTOTHHeCKHMH, 

KaK 3to 6bijio b cjiy^ae iiocto5ihhoh HacTOTbi ctojikhobghhh MOJieKyji. 

IlpeflCTaBHM (pyHKI^HK) V(z) B OKpeCTHOCTH TOHKH Z = OO CXOflfl- 

lu,hmc5i paflOM JlopaHa 

Vi V9 V* 

V(z) = ^- + ^ + ^ + --- , |*|>1. (6.15) 

S^ecb 

1 

K = -i y CMr^dr, n = l,2,3,... . 


BbinnnieM HiicjieHHbie 3HaHeHii5i HecKOJibKiix nepBbix KoacpcpimneH- 
tob pa3Jio>KeHHH (6.15): 

Vi = 0.582, V 2 = 0.214, V 3 = 0.115, 

V A = 0.073, F 5 = 0.051, y 6 = 0.038, ••• . 

Mojkho noKa3aTb, hto HeTHbie KoacpcpimiieHTbi HaxoflHTCH 6e3 KBa^- 
paTyp 

«-£-•>■>»■••. ".-KI-T«)-I-»^-- 

HaiifleM K03cpcpHii,HeHTbi pa3Jio>KeHH5i (pyHKi^HH X(z) b OKpecTHOCTii 

TOMKH 2 = OO. llyCTb 

X(z) = - exp(V(z) = - + ^ + ^ + . . . , z ^ 00. (6.16) 



2 2 z 2 z 3 



OTCKDfla 



. . . . Xo X-x Xa 

exp(V(z)) = 1 + — + + ^ + . . . , z^oo. 



z z 2 ' z 3 
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iIorapiicpMiipy5i sto paBeHCTBO h noflCTaBjisra bmgcto (pyHKi^iiii V(z) ee 
pa3Jio>KeHHe (6.15), nojiy^aeM: 

ViV 2 f x 2 x 3 x 4 \ 

H^tH = In H h^ + ^r + ... • 

z z z \ z z z z 6 J 

^H(p(pepeHii,HpyH sto paBGHCTBO, nojiy^aeM: 

fVi 2V 2 SV 3 w X 2 X 3 \ X 2 2X 3 3X 4 

4+^ + ^+... 1+— + ^ + ... = -4+^ + —^+.... 



vz 2 z 3 z 4 7 V 2; z 2 7 z 2 z 3 z A 

IlpHpaBHHBaH K03(p(pHII,HeHTBI npil OflHHaKOBblX CTeneHHX Z : HaXOflHM, 

hto KOScpcpHi^iieHTBi pa3Jio>KeHH5i (6.16) BBiHHCJi5iK)Tca corjiacHO paBeH- 

CTBaM 

X 2 = Vi = 0.582, X 3 = V 2 + \v 2 = 0.384, • • • . 

J\mi K03(p(pHII,HeHTOB pa3JIO>KeHH5I (pyHKI^HH 

1 X* X* X* 

xw =z ^ 1 + l L + ^ + ^ + -' (6 ' 17) 

tohho Tax >Ke nojiy^aeM: 

exp(-y(z)) = l-^ + ^ + ^ + ..., z^oo. 

OTdo^a HMeeivi: 

Vi V 2 V 3 , / Vi X* X 2 * \ 

— + -J + -( + - = -ln 1-- + + -£- + .. . . 

2 z 6 \ z z l z 6 J 

riocjie ^HcpcpepeHi^HpoBaHHH OTCiofla nojiy^aeM: 

[Vi 2V 2 3V 3 \ ( Vi X{ X* 2 \ 

\z z z 6 z* J \ z Z L z 6 J 

_ Vi 2X* 3X 3 * 4X 3 * 

z 2 z 3 Z A z h 
ripHpaBHHBaa K09(p(pHu;HeHTbi npn o^HHaKOBbix CTeneirax cjieBa h 

cnpaBa, nojiy^aeM, hto K03cpcpHii,HeHTbi pa3Jic»KeHH5i (6.17) BbiHiicjra- 

iotch corjiacHO paBeHCTBaM 

X\ = -V 2 + \v 2 = -0.045, 

X 2 * = -V 3 + ^ - \v'i = -0.023, 

1 1 6 1 
XI = -V A + VM + -F 2 2 - -Valf + -V? = -0.015, • • • 
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Hcnojib3ya HHTerpajibHbie npeflCTaBjiemra (6.10) n (6.13) fljia bh- 

HHCJieHHH K03(p(pHn,HeHTOB pa3JIO>KeHHH (6.16) H (6.17) MO>KHO HCnOJIb- 

30BaTb cjie^yiomHe cpopMyjibi: 

1 

X n = ~ J X{r) sin CWr^^r, n = 1,2,3,..., 
o 

npiIHGM Xi = 1, H 

^ = i/^W „ = 1,2,S,.... 





7 Pa3jio^ceHHe peineHHa no co6cTBeHHMM 
4>yHKLi,H5iM xapaKTepncTHHecKoro ypaBHeHHa 

^OKa>KeM, hto Hania rpaHnnHasi sa^ana HMeGT e^HHCTBeHHoe peme- 

HHG, npe^CTaBHMOe B BH^e pa3JIO>KeHH5I no C06cTBeHHbIM CpyHKIJHflM 

xapaKTepncTnnecKoro ypaBHeHira: 

l 

/x 
exp( — )(p(rj,fi)a(rj)drj, (7.1) 



hjih: 

1 

x r)a(r))dr) 



h(x, /d) = h as (x, ti + ^J exp(- 



77 77 — /i 



x X(fi)a(f j,) 

B pa3Jio>KeHHH (7.2) (pyHKnrra 0+(/i) ecTb (pyHKn,H5i XsBncanfla 



W--)T^ + M- (7-2) 



1, /I >o, 
0, //<0. 



Hen3BecTHbiM b pa3Jio>KeHHH 5iBji5ieTC5i (pyHKi^HH 0(77), Ha3biBaeMaa 
KOScpcpni^neHTOM HenpepbiBHoro cneKTpa. Pa3Jio>KeHHe aBTOMaTnnecKH 
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y^OBjieTBopaeT rpamiHHbiM ycjiOBHHM. EtoflCTaBiiM x-Ob (7.2) h jie- 
Byio HacTb 3aivieHHM corjiacHO rpaHHHHOMy ycjiOBHio (5.8) npuxofliiM k 
CHHryjiapHOMy HHTerpajibHOMy ypaBHemiio c HflpoM Kohih. 

2U sl -2G v » + 3 -i V -^ + ^^ = 0<„<1. 

AJ Tj-fi 1- /I 2 



BBe^eM BcnoMoraTejibHyio cpyHKijHio 

"M = ! / (7-3) 



aHajIHTHHHyK) B KOMIIJieKCHOH njIOCKOCTH C pa3pe30M BflOJIb 0Tpe3Ka 

[0,1] fleiiCTBHTejibHOH och. Ee rpaHHHHbie 3HaHeHii5i CBepxy N + (fi) h 
CHH3y N~(fi) b HHTepBajie (0,1) CB5i3aHbi cpopMyjiaMH Coxon,Koro 

A^-A^)^^^), ±[N + (Li)-N-( f i)}=N(fi), (7.4) 



rfle 



i 

= j f ^d v , p e (0, i), 

4 J Tj fl 



T] -II 


N(fi) - CHHryjiapHbifi HHTepraji. 

C noMom,bio rpaHHHHbix 3HaHeHiiii (pyHKijHH N(z) h X(z) CBe^eM 
ypaBHeHHe (7.4) k Heo^HopoflHOH KpaeBoii sa^ane Pinviaim: 

X + ( l i)[N + ( l i) + 2U d -2G vl i] = \-(p)[N-(p) + 2U sl -2G l4l ], < p, < 1. 

(7.5) 

PaccMOTpiiM cooTBeTCTByromyio OflHopoflHyio KpaeByio sa^a^iy Ph- 
MaHa: 

]Fm = W 0< " <1 - (7 - 6 ' 

B KanecTBe penieHHH sa^ani! (7.6) B03bMGM orpaHiiHGHHOG b KOHii,e- 
Bbix TOHKax npoMe>KyTKa HHTerpiipoBaHiiH (pa3pe3a) penieHHe 

1 . n„ \ \ t /- / \ 1 } C(r)dr 



X(z) = -exp(V(z)), V(z) = - [ 
z z J 



r — z 
o 
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C(r) = 9{t) - tt, #(r) = argA + (z), 

npnneM 

9(0) = 0, f( T ) = 1-^3^1^. 

HeoflHopoflHyio KpaeByio sa^any (7.5) c noMombio OflHopo^HOH (7.6) 
npeo6pa3yeM k sa^ane onpeflejieHHH aHajiHTHHecKoii cpyHKHHH no ee 
HyjieBOMy CKanKy b HHTepBajie (0,1): 

X + ^)[N + {^) + 2^ - 2G v fi] = X-(//)[/V-(^) + 2/7 s/ - 2G>]. (7.7) 

yHHTbiBaa noBefleHiie Bcex cpyHKHHH, bxoahihhx b KpaeBoe ycjiOBne 
(7.7), nojiy^HM ero o6mee penieHHe: 

N(z) = -2U sl + 2G v z + (7.8) 

r^e Co - npoH3BOJibHa5i nocTOHHHan. Pa3Jio>KHM 3Ty cpyHKHHio b pn^ 

/V(z) = -2/7 sZ + 2G v z + c z(l - ^ + ...), (7.9) 

hjih, npHBOfla nofloSHbie HjieHbi, 

= ( - 2/7 s/ - y lCo ) +z(2G w + c )..., (7.10) 

PenieHHe (7.8) HMeeT npocToft nojiioc b tohkg z = oo, b to BpeMH KaK 
cpyHKnii5i N(z), onpe^ejieHHaH paBeHCTBOM (7.3), Hcne3aeT b 6ecKOHen- 

HOCTH KaK 1/z. IloSTOMy HTo6bI CpyHKHHK) N(z), OnpeflejieHHyK) paBeH- 
CTBOM (7.8) mojkho 6bijio npHH^Tb b KanecTBe cpyHKHHH N(z), onpe^e- 

jieHHoii paBeHCTBOM (7.3), ycTpaHHM y peniemiH (7.8) nojnoc b TOHKe 

N(z) 

z = oo paBeHCTBOM lim = 0. lloTpe6yeM, HTo6bi cpyHKHHH Hcne- 

z^oo Z 

3ajia b 6ecKOHeHHOCTH, T.e. iV(oo) = 0. 

Ha 3tom nyTH nojiynaeM, hto cq = —2G V . 

riocjie noflCTaHOBKH b (7.10) nojiynaeM cjieflyiomee Bbipa>KeHHe ^jih 
6e3pa3MepHOH MaccoBoii ckopocth ra3a: 

U sl = V\G V . (7.11) 
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HcH3B6CTHbiH KoacpcpnijiieHT HenpepbiBHoro cneKTpa HaiifleM, ecjin 
noflCTaBHM penieHHe (7.8) b (popMyjiy Coxon,Koro (7.4). Ha stom nyTH 
nojiy^aeM: 

lG r 

l -X+{r]) X-(tj)\ " 37rr]X{r]) 

BbiHHCjiHM K03(p(pHD;HeHT b5I3kocth 7] KBaHTOBoro (pepMH-ra3a. Hc- 
xofla H3 onpe^ejieHHa b5I3kocth, HMeGM: 



a{ll) = "3^ — " — = ^ZTwIw (7-12) 



p m / fV x VydQ 



oo 



r fl e #u - rpa^neHT pa3MepHoii CKopoerii, onpeflejraeMbiii cjie^yiomHM 
cooTHoniGHiieM g v = uqG v . 

B pe3yjibTaTe nojiy^aeM cjie^yiomee BbipajKemie: 

2 7 r(2 5 + l)m 4 8/ 1 ( Q ) 
' 27r^ (v^) 5 15 ' 1 ^ 

rfle 

oo 

/i(a) = J Cln(l + exp(a-C 2 ))c/C. 
o 

Hcxofla H3 onpeflejieHHH hhcjioboh iijiothocth N 7 N = J fdQ, HeTpyn,HO 

HaHTH, WTO 

27r(2 S +l)m 3 /o(«) 
(27rft)3(V3)3 ' 

rfle 

oo 

/ (a) = J ln(l + exp(a - C 2 ))dC. (7.15) 
o 

11 o^CTaB Ji5i5i (7.15) b (7.14), nojiy^aeM Koscpcpimiieirr b5I3kocth: 

" = i^» (7 - 16) 

r^e p = iVm . 
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8 IlpC>4)HJIb MaCCOBOH CKOpOCTH H (})yHKII,H51 

pacnpe^ejieHHa b nojiynpocTpaHCTBe 

Ilpo4)HJIb 6e3pa3MepHOH MaCCOBOH CKOpOCTH CTpOHTCH corjiacHO (8.9) 

1 

Uy(xi) = U*(xi) = I J(l - Li 2 )h(x, ii) d/i. 

-l 

CorjiacHO (8.5) nojiy^aeM cjie^yiomee pacnpe^ejieHHe MaccoBOH CKopo- 
cth KjiaccHHecKoro ra3a b nojiynpocTpaHCTBe: 

l 



3 f x 
U*(x) = U s i + G v x + - / exp( — ) a(r]) drj, 
y 8 J r\ 



ripii BbiBo^e 6bijio yHTeHO, hto 

i 



ya-/Mf7y)dA*' = i. 



-1 

B pacnpe^ejieHHH (8.1) cpyHKuiiii a(r]) onpe^ejisieTca paBeHCTBOM (7.12). 
B pe3yjibTaTe fljra npocpiura MaccoBOH ckopocth KjiaccHnecKoro ra3a 
nojiy^aeM: 

l 



Ufa) 

Gy 



If X 

Vi + x-— / exp( — ) 

Z7TZ J T) 



1 



1 



X+(rj) X~{rj) 



"A (8-2) 



HJIH 



i 



x sm((r]) 



= Vi+x + - / exp( — )- 





(8.3) 



Hirrerpajibi H3 npaBbix HacTeft (8.2) h (8.3) npii x = mojkho bmhhc- 
jiHTb aHajiHTHnecKH. fljia 3Toro BOcnojib3yeMC5i HHTerpajibHbiM npe^- 
CTaBjieHneM (6.11) 

i 

r S inC(r/)] dr) 



1 -z + V 1= 1 



X(z) 



7T J [ X(jf) \ T) — Z 




dr) 
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YCTpeMJIHS B (8.4) Z — }■ BflOJIb OTpHU;aTejIbHOil HELOT!! fleiiCTBHTejIbHOH 

och, nojiy^aeM, hto 

i 



1 

7T 



sin CM 



1 + Vl . (8.5) 



Xfo) J r, X(-0) 



o 

MaccoByio CKopocTb KjiacciiHecKoro ra3a H30TepMHHecKoro CKOJib>KeHH5i 
y CTeHKH (npn x = 0) Hait^eM, ecjin noflCTaBHM (8.5) b (8.2) npn x = 

^ = "xPo) G - 

KaK yKa3biBajiocb Bbinie, H3 cpopMyiibi fljra (paKTopiisai^iiH fliicnep- 
CHOHHOH (pyHKI^HH BblTeKaeT, HTO x(-o) = -Vb. 

Cjie^OBaTejibHO, MaccoBaa CKopocTb ra3a KjiacciiHecKoro ra3a y CTeH- 
kh paBHa 

U*(0) = -^=G V = 0.4472G,. (8.6) 
V5 

riepeiifleM k paccMOTpemiio (pyHKi^im pacnpeflejiemra. 

B cjiy^ae H30TepMHHecKoro CKOJib>KeHH5i fljia nocTpoeHHH (pyHKi^im 
h{x, fi) noflCTaBHM KOScpcpiiipieHT HenpepbiBHoro cneKTpa a(rj) : onpefle- 
jraeMbift paBeHCTBOM (7.12), b pa3Jio>KeHHe (7.2). llojiyHaeM 

l 

h(x,Lt) If. x.smC(ri) dn 

■ ' = Vi + x- n + - / exp( — ) 



2G V it J rj r]X{rj) r\ - fi 

o 

. c -CM exp( _- )e+(/i) , (87) 



X(p.) ^ M 
OTCio^a npn x = HMeeM: 

M = Fl _, + l/!|^)^ + ^ e+W , M€(-i,i). 

2G V ttJ X(r?) 77-// 



CorjiacHO HHTerpajibHOMy npeflCTaBjiemiio (6.11) nepBoe cjiaraeivioe 
H3 npaBoii Hacra nocjie^Hero paBeHCTBa paBHO 
1 

1 f sinCW cfr; _ cosC+(^) _ 
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Cjie^OBaTejibHO, Ha rpamme nojiynpocTpaHCTBa (pyHKinia pacnpe^e- 
jieHHH BbiHHCJiHeTCH no (popiviyjie 

~2G7 = XdT) ' ( ' )■ (8-8) 

H3 (popMyjibi (8.8) BHflHO, hto npH < fl < 1 /i(0, /i) = 0, HTO B 

tohhocth coBnaflaeT c rpaHHHHbiM ycjiOBHeM (5.2). 

IlpH — 1 < jj, < H3 (popMyjibi (5.3) nojiynaeM (pyHKiriiio pacnpe^e- 
jiemra jieramHx k CTeHKe MOJieicyji: 

^ = -]§)• 

OTCIOfla BHflHO, HTO 

2(7 

^(0,//) = -— ^e + (-/i), M e (-1,1). 

H3 (popMyjibi (8.8) BHflHO, hto npH x — > +00 

/i(x, /i) = 2G V (V 1 + x-/i) + o(l) = 2U si + 2G v (x - /i), 
hto b tohhocth coBnaflaeT c rpaHHHHbiM ycjiOBiieM (5.3) B^ajiH ot CTeH- 

KH. 

OopMyjiy CKOpOCTH CKOJIb>KeHH5I npe^CTaBHM b pa3MepHOM BH- 

fle. ynHTbiBaa, hto C/ s / = y/~i3u s i, nojiyHaeM: U s i = VlG,, = \ffiu s \. 

Vi 

Cjie^OBaTejibHO, u s i = —=G V1 vj\e g v = v§G v . OTcro^a HMeeM: 

VP 

- Vl r 1 - Vl 1 

Usl ~ Wi v ~ 7Wo 9v 

YHHTbiBaa to, hto Mbi Bbi6iipaeM flJiHHy CBoSoflHoro npoGera corjiacHO 

HepHHHb^HH |5ll . KaK 1(a) = — y/7r/3 : nojiynaeivi oiie/iyiomee: 

P 



j fo V fZa fa Sph(a) 1 r- R 8ygi(a) 
p 15^oPto(«) P 15z/o&o(o0 

B03BpaiHaK)Cb K Bbipa>K6HIiIO flJIfl pa3MepHOH CKOpOCTH CKOJIb>KeHH5I, 

yHHTbiBaa nojiyneHHoe, npiixoflHM k cjieflyiomeMy Bbipa>KeHHio: 

u s i = K v (a)lg v , (8.9) 
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r^e 



KJa) 



AHajIOrHHHO CKOpOCTH CKOJIb>KeHHH, nojiyHHM npocpHjib pa3MepHoii 
MaccoBoii ckopocth b nojiynpocTpaHCTBe. HcxoflH H3 Toro, hto 

i 



U y {x)* = V X G V + G v x + i<3„ J exp(- 

o 

hjih, HHane: U*(x) = H(x, a)G v , r^e 

i 

If x 

H(x, a) = V\ + x H — / exp( — ) 



x , 



77' 



sinCfa) 



<i?7 



7T 



77 



'sin CM 



drj 



IlojiyHaeM Bbipa>KeHHe fljra pa3MepHoft MaccoBoft ckopocth ra3a: 
BbinojiHH^ npeo6pa30BaHH^, aHajiorHHHbie TeM, KOTopbie Hcnojib30Ba- 

JIHCb nOJiyHeHHM pa3MepHOH CKOpOCTH CKOJIb^KeHHH, npiiXOflHM K 

cjie^yiomeMy Bbipa^KeHHio fljia pa3MepHOH MaccoBOH ckopocth: 



y \ J — / — / \ — v V ' j j' 



r^e 



K*(x, a) = 



15H(x, a)lo(a) 



(8.10) 



Sy/7rli(a) 

II pn a — > — oo (xorfla KBaHTOBbift (pepMH-ra3 nepexo^HT b 6ojibii- 
MaHOBCKHii), nojrynaeM H3BecTHbiH (cm. [41]) pe3yjibraT: K v (— oo) = 
1514/8. OTCKD^a nojiynaeM cjieflyromee Bbipa>KeHHe fljra ckopocth CKOJib- 
jKeHHs: 

u s i = K%l(a)g v , 

Tfle - K03(p(pHH,HeHT H30TepMHHeCKOprO CKOJIb^KCHHH, paBHbffl 
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